Pattern Anal Applic (2014) 17:379-388
DOI 10.1007/s10044-013-0324-z

SHORT PAPER

A robust and outlier-adaptive method for non-rigid point

registration

Yuan Gao - Jiayi Ma - Ji Zhao -
Jinwen Tian - Dazhi Zhang

Received: 29 November 2011/ Accepted: 30 January 2013 /Published online: 19 February 2013

© Springer-Verlag London 2013

Abstract In this paper, a flexible probabilistic method is
introduced for non-rigid point registration, which is moti-
vated by the pioneering research named Coherent Point
Drift (CPD). Being different from CPD, our algorithm is
robust and outlier-adaptive, which does not need prior
information about data such as the appropriate outlier ratio
when the point sets are perturbed by outliers. We consider
the registration as the alignment of the data (one point set)
to a set of Gaussian Mixture Model centroids (the other
point set), and initially formulate it as maximizing the
likelihood problem, then the problem is solved under
Expectation—-Maximization (EM) framework. The outlier
ratio is also formulated in EM framework and will be
updated during the EM iteration. Moreover, we use the
volume of the point set region to determine the uniform
distribution for modeling the outliers. The resulting regis-
tration algorithm exhibits inherent statistical robustness
and has an explicit interpretation. The experiments dem-
onstrate that our algorithm outperforms the state-of-the-art
method.
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1 Introduction

Registration of images is playing an increasingly important
role in both researches and applications. It is a universal
problem in medical image analysis that has benefited from
over 20 years of development [1]. It is also applied in other
areas including but not limited to geo-spatial imaging,
satellite imaging, movie editing, archeology for shape rec-
ognition, image alignment, range datasets integration, etc.
[2]. Among all the technologies, feature-based registration
is a very productive field due to its suitability for situations
when illumination changes are expected or multisensor
analysis is demanded [2]. The features here involve sur-
faces, lines, curves and points. The registration of point
feature, which can be regarded as the most fundamental of
all features, has aroused great interesting of researchers.
The objective is to find the optimal spatial transformation to
map one point set to the other between two given point sets
that are extracted from a pair of images such as the locations
of corners, boundary points or salient regions.

However, point set registration is of great difficulty in
three aspects: (1) point correspondence is unknown, (2)
transformation is unknown, and (3) there is not enough
information about the physical properties of objects [3].
Besides, the point set registration algorithms should pos-
sess several necessarily desirable properties to ensure its
practicality: (1) capable of robustness to degradations such
as noises and outliers arising from the process of image
acquisition and feature extraction; (2) ability to incorporate
high dimensional mappings in order to account for defor-
mations of the point-sets; (3) the accurate transformation
with tractable computational complexity for alignment of
the point sets [4].

The transformation of registration can be broadly classi-
fied into rigid and non-rigid. In rigid transformations, there
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are only translation, rotation and scaling included. And for
non-rigid case, usually more complex transformations are
contained such as affine transformation which allows aniso-
tropic scaling and skews. Compared with rigid case, non-rigid
transformation occurs ubiquitously in real-world problems
including deformation field recovery during surgery,
deformable motion tracking, surgical procedure planning and
evaluation [5]. It is such a common problem that many
methods have been proposed to attack its various aspects.

Decades ago, a straightforward approach was proposed to
solve the point set registration problem, which is known as
iterative closest point (ICP) algorithm [6, 7]. The ICP method
can well deal with rigid registration up to 3D. It assumes that
every closest point pair should correspond to each other. Using
this simple and intuitive criterion, ICP iteratively assigns
correspondences by finding the least-squares rigid transfor-
mation between the two point sets. However, the ICP method
requires a close initialization because the assumption of ICP
could fail if the two point sets are not coarsely aligned. There
are several variations of ICP, but some of them focus to speed
itup [8], while others dedicate to extend its application to non-
rigid case [3, 9]. Nevertheless, the vital problem that a proper
initialization should be given still remains.

Due to the limitation of ICP, researchers turn to consider
the point set registration problem by another delicate
aspect. Rather than modeling the one-to-one correspon-
dence by the closest distance criterion, more advanced
fuzzy correspondence using one-to-many relaxations is
implemented. The problem is modeled by Gaussian Mix-
ture Model (GMM) in these types of methods. Generally,
these methods can be classified into two broad categories.

One category of methods is that they first represent both
of the two point sets as GMM centroids, then the problem
is transferred to align the two GMM centroids by mini-
mizing the discrepancy between them [10-12]. In [10], a
kernel correlation (KC) based point set registration
approach is proposed, and KL-divergence between the two
distributions is used as the cost function, while the cost
function is the L2-distance between the distributions in
[11]. And in [12], the authors systematically summarize the
motivation of key idea of these methods and develop a
unified framework of them. These methods can only get the
transformation of the two point sets.

The other category can solve for both the correspon-
dence and the transformation simultaneously. They treat
one point set as GMM centroids, and align the other point
set to them by maximizing the likelihood [4, 13—-17]. The
TPS-RPM in [15] used the thin-plate spline (TPS) to
parameterize the non-rigid spatial transformation and
applied the soft-assign and deterministic annealing to
estimate the correspondence. Rather than using a binary
correspondence variable in ICP, the key idea of TPS-RPM
is that they assume the point in one set corresponds to a
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weighted sum of the points in the other set. And in [14], the
authors proved that, with several modifications, TPS-RPM
is equivalent to EM for GMM. Myronenko et al. [4] pro-
pose a probabilistic method, called the Coherent Point Drift
(CPD), which fits one point set to the other by maximizing
the likelihood. This method could handle high dimen-
sionality of the point sets and is robust to outliers. How-
ever, an appropriate outlier ratio should be given in
advance, which limits its applicability. The difference
between these two algorithms is that the Gaussian radial
basis functions is used in [4] while the non-rigid defor-
mation is modeled by TPS in [15]. The most recently
method of this category is proposed in [17], but it can only
be used in rigid point set registration.

In this paper, our method is proposed to remedy the
problems stated above, which is mainly based on the state-
of-art CPD method [4]. The main contributions of our
paper are twofold: (1) We integrates the estimation of
outlier ratio into the EM framework. Which allows us to
implement this method without giving the real outlier ratio.
That enlarges the practicability of CPD method since it is
intuitively difficult to get a reasonable assumption of out-
lier ratio before the two point sets have been registered. (2)
Though the outliers is also modeled by a uniform distri-
bution as in [4], we use the volume of the set region to
present the uniform interval rather than a stable item in [4].
The experiment results show that our method is more
robust than the state-of-the-art CPD.

The paper is organized as follows: In Sect. 2, the stages
of the CPD including methodology and the underlying
problem are reviewed, followed by our method which
properly overcomes the problem in Sect. 3. Section 4
presents experiments on various non-rigid data sets from
2D to 3D, and the performance of our algorithm is evalu-
ated. Finally, we make concluding remarks in Sect. 5.

2 Review of Coherent Point Drift algorithm

The Coherent Point Drift algorithm [4] is known as the
state-of-the-art method for non-rigid registration. The CPD
algorithm treat one point set as GMM centroids, and then
fit it to the other point set. The method obtain the optimal
correspondence when the GMM posterior probability is
maximized. In this section, we first briefly introduce the
CPD algorithm. And then, the problems underlying the
CPD method is highlighted.

2.1 Coherent Point Drift algorithm

Given two sets of point: X = (x|, --,xy)’ € RV*? and

Y = (y,,---,yy)" € RM*P where the two point sets may
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contain unknown outliers and D denotes the dimension of
the points. The purpose is to learn a transformation T :
X =T(Y), in which the T can be defined as the initial
position plus a displacement function f: X =Y + f(Y).
Then, the authors make the assumption that for inliers, the
noise is Gaussian with zero mean and standard deviation c;
and for outliers, the distribution is a uniform term % , where
N is the total number of the points in the data set X. Then to
formulate the problem, the CPD method need the input of
the outlier ratio w, which should be given in advance. And
all the candidate inliers ratios are equally as ﬁ(l - ),
where M is the total number of the points in the GMM
centroids set Y. Thus the GMM takes the form:

M+1

ZP p(x|m)

1_ M
- MwZN X[Y, + £(¥,), 7 Iown) + GU(N)
=1

. 1
= e 202

M (27‘502)D/2
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+(1)N,
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[ (7]

P(xlm) = oL T P(m) = (1 - ),
,M,P(M+1) = and p(x|M + 1) =

The displacement function f should be smooth because
the points close to one another tend to move coherently.
Thus the norm of f should be regularized to enforce the
smoothness, the details of proof can be referred to [20].
Combined with the smooth constrain, the negative log
likelihood function L(0) can be written as:

where

m=1,...

N

L(0) = Y Inp(x) + 5 o(0)

n=1
— > S Plm)plxlm) + £ (), @

where 0 = {f,6*} is the set of unknown parameters, ¢(f)
is a regularization term, and 4 > 0 is a trade-off parameter.
Then, the EM framework is used to solve the optimal
estimate of 6 by maximizing the likelihood.

2.2 The limits of the CPD algorithm

From the former subsection, both inliers and outliers has
been subtly formulated in the mixture model in CPD.
However, there are two problems severely influence its
performance. The one is the parameter of the uniform
distribution which models the outliers. CPD use a fixed
item N which is the number of points in the data set, which
is obscure. The intuitive definition of the uniform distri-
bution parameter should be related to the coordinate range

of the data points rather than the total number of them. For
example, given two pairs of data sets with same number of
points, the points distribution range of one data sets pair is
large while the other is small (or one pair contains 2D
points which the other is constituted by 3D points), the
outliers distribution of the two pairs of data sets should not
be equal.

The other problem existing in CPD is the input outlier
ratio w, which should be given in advance. That also
drastically limits the application of the CPD because the one
seldom know the outlier ratio of the two point sets before
registration. An improper value of w leads to unpredict-
ability result. Assume two extreme cases, when the o is
manually set to 0, the mixture model degenerates to a pure
GMM which is intuitively not rubout to outliers. While if
o = 1, the mixture model becomes a pure uniform distri-
bution which cannot deal with the point sets registration at
all. In addition, the ratios of candidate inliers (GMM cen-
troids) are equal to each other in CPD. But the GMM
centroids cannot be ensured that they are all inliers and the
ratio of GMM centroids should not be same. Intuitively, an
updateable frame of the candidate inliers ratios should yield
better performance. Moreover, the latter experiment shows
that even we set the real outlier ratio to w, the CPD algo-
rithm still cannot guarantee a good result. Thus, the input
outlier ratio @ and candidate inliers ratios play such an
important role that must be optimized in the algorithm.

3 Methodology

The paper proposed a method to overcome the two prob-
lems of CPD stated above. For the outliers distribution, the
volume is set to the parameter of uniform distribution so
that it can be calculated initiatively in the algorithm. And
for the input outlier ratio, we formulate it in the EM
framework so that it can be optimized iteratively. Also,
each candidate inliers ratio is added and can be updated
adeptly in our algorithm. Furthermore, to avoid over-
learning of each candidate inliers ratio, the learning rate is
introduced in our algorithm. In this section, our method is
explicitly demonstrated. Firstly, we give the derivation of
our method. And then, the parameters initialization of our
method is discussed.

3.1 Problem formulation and its EM solution

Suppose the candidate inliers ratio p(m)= m,,m =
1,---,M, and to distinguish with the fixed input outlier ®
ratio in CPD, we suppose the input outlier ratio in our
method is 7. Referring to Eq. (1), replace w using =, and
Y, we get:
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With the use of reproducing kernel Hllbert space, we
consider the regularization term ¢(f) = ||f ”?—t similar to
[18]. Combined with the negative log likelihood function
(2) and the standard texts [19], the complete-data log
posterior can be given as follows with terms independent of
0 omitted:

Q(0,6°)
N M+1 )L
_ZZPm|xn,0°1d In(P(m)p(x,|m, 0)) +5 (f)

n=1 m=
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here 0 = {f, ¢°, m,,,7}, which denotes the set of unknown

parameters. Np = 0| S"M* 4 p(mx,,, 099, and || - |, is
the Hilbertian norm of the RKHS H. To state our method
in an explicit way, the integrated stages for solve § by EM
algorithm are given as follows:

E-step: Denote P = (P,,),,,n, Where the posterior
probability P, = P(m|x,, 0"“) can be computed by
applying Bayes rule:

old 71‘|X71*Ym*f°ld(}’nx)”2

1d
oldy _ T € -
P(m|Xn7 0 ) - Xy —fold (y D)2
ZM old 2” k T k H u]d zno-oldo-x)ld) -
k=1T € ‘ a
for m=1,..,.M, (5)
M

P(M + 1|x,,0°9) =

1= P (6)

m=1

The posterior probability P,,, is a soft decision, which
indicates to what degree the point y,, corresponds to X,,.
M-step: We determine the revised parameter 6™%

0" = argmax, Q(0, 001d). Update o as same as CPD:

as

0_2 Zn lZm 1 m’;\']‘:(l”) (Ym)H ) (7)
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Now we maximize Q(@) with respect to the candidate
inlier ratios m,, and outlier ratio y. Here we must take
account of the constraint, which requires the summation of
all the candidate inlier ratios and the outlier ratio to be one.
This can be achieved using a Lagrange multiplier and
maximizing the following quantity which has omitted
terms that are independent of x,,,

TEm, ZZPmnlnnm ZPM+1 nan
:M m=1
+,U<Z7Tm+y_1>~ (8)

we can get

N M
71,,,:ZP,M/N7 m=1,...M, y:l—an. 9)
n=1
When the outlier ratio is large, updating 7, using Eq. (9)
directly may lead to the problem of over-fitting. To remedy
this, we use a learning rate:

1

= 7_l:old 4= (n,new _ 7T01d), (10)
%t

where 7"°" is defined by Eq. (9), 7°'“ is the old 7 at the last

iteration, and o, is the learning rate.

The learning rate here is as the descent step size in the
gradient descent algorithm, or as the annealing rate in sim-
ulated annealing algorithm. It is an empirical parameter to
avoid over-learning. Without loss of generality, we suggest
the learning rate o, be set to a decreasing value as the reci-
procal of the current iteration time ¢, so that the © can update
faster at the initial iterations to get rapid optimization and
update slower at the latter iterations to prevent over-learning.

Thus, combined with learning rate, we can update the
outlier ratio y and the candidate inlier ratio =, efficiently
during the EM iteration by Eqgs. (9) and (10).

Considering the terms of Q(0) in Eq. (4) related to f,
and multiplying them by —1, we get an energy function:

ZJZZZP"‘“HX“ ~¥Ym —

n=1 m=

A
()l + 560 (11)

Then the maximization of Q with respect to f is equivalent to
minimize energy function E(f). This energy function is a
vector-valued extension of Tikhonov regularization, and the
first term could be regarded as weighted empirical error [18].

For the registration problem, we define the hypothesis
space H using a Gaussian matrix kernel. Using the vector-
valued representer theorem [18], the optimal f has the
following form:

Zr Y, YIn Z(e Bllx= y” IDXD)Cm (12)
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Minimizing E(f) with respect to c,, we can get the
optimal c,, as:

(T + Ac*(diag(P1))")C = (diag(P1)) 'PX -Y, (13)

where I' = (I';;),;,, is the kernel matrix, here I';; =
e Pl=yl’ ¢ = (1. ep)” €RMP X = (xy,..., xy)" €
RVP Y = (y,,..,yy)" € RM*P_ diag(-) denotes the
diagonal of the input matrix, and 1 is a unit column.

The algorithm iterates E-step and M-step until Q con-
verges. We summarize our algorithm in algorithm 1. The
computational complexity of our method is O(M?), which
is the same as CPD.

3.2 Parameters initialization

There are mainly three inputs in our algorithm: f8, 4 and 7.
Parameters ff and A both reflect the amount of smoothness
regularization. The kernel I" is determined by the parameter
p as shown in Eq. (12) which indicates how wide the range
of interaction between samples. The trade-off A presents the
weight of the closeness to the data and the smoothness of

the solution. A detailed description of them can be found in
[20]. The f and A are set to 0.1 and 4, respectively through
this paper. And parameter y reflects the initial assumption
on the amount of outliers in correspondence sets, our
algorithm is not sensitive to its value according to the for-
mulation, and which are also proved by the experiments.

4 Experiments

To test the performance of our approach, we present
experimental results on various data source including 2D
shapes namely Fish_A and Fish_B, 3D surfaces namely
Face and 3D random point sets namely 3D Random. For
each data set, quantitative comparisons with two different
approaches named TPS—RPM [15] and CPD [4] are also
presented. The algorithms are implemented using MAT-
LAB R2012a, and all the experiments run on a laptop with
dual-core 2.1GHz processor and 2 G RAM.

The merit of our method is illustrated by comparing the
registration error with the competing registration methods.
Since the ground truth are known, the registration error is

(a) The original 2D Fish_A data

(b) Fish_A data with 30% percent

(¢) The TPS-RPM result

outliers
: : :
; . .
® o 0g . ® ot
° %, 2%, . s, 3.0 s 3.0 .
o7 D +% o o +% o o, +%S o 0,00
& o 090, 2 o° ey 0 00,8 ey 090, . LY
& s * 8 000 8 1 20 a® ° g
S® BT i® ol i ® o
et ees : eo w emees : et mee. : o et
sool%e o, o RTINS . e eacelhe e, e e ool %,
o; o.'.; a. .-
% °% % °g
(d)cPD:y =0.1 (e) CPD:y =03 (f) cPD:y =0.7 (g) CPD:y =09
.
& o0 . s, 2.0 . s, 2% .
o% + D % o % o
& #° RO #° o oS0 o°
o S o ¥ o S o 5% S
. .
s %ot e, Toe e e, e
® o.ae e B'
$ °% °3

(h) Our method: y = 0.1 (i) Our method: y = 0.3

Fig. 1 Some results on 2D Fish_A data with 30 % outlier ratio

(j) Our method: y = 0.7 (K) Our method: y = 0.9
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measured as the mean squared distance between the cor-
responding points after the registration, which is ﬁZV( ij)eC

D(x;,T(y;)), where N is the total number of true corre-
spondences, C is the true correspondences set, D(-, ) is the
Euclidean distance between the two input points and T is
the registering transformation.
The algorithms are implemented on three real outlier
ratio settings: 0.1, 0.2, 0.3, where the outliers are generated

Error

randomly from a normal zero-mean distribution. For
comparing with CPD, we repeat the experimental process
for both methods by 50 times with different randomly
generated outliers at each same ratio to obtain reliable
results. the results under different initial outlier ratio is
reported. For testing against TPS-RPM, since the TPS—
RPM method do not require the initial outlier ratio, without
loss of generality, we conduct it for 450 runs, and compare

05
0.1 02 03 04 05 06 07 08 09
Initial outlier ratio y

(a)

-0.05
0.1 02 03 04 05 06 07 08 09

Initial outlier ratio y

(b)

Fig. 2 A comparison of our algorithm with CPD and TPS-RPM on
2D Fish_A data: the comparison of our algorithm and CPD with 10 %
real outlier ratio is in (a), 20 % real outlier ratio in (b), 30 % real
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(b) Fish_B data with 30% percent
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(h) Our method: y = 0.1

(i) Our method: y =0.3

Fig. 3 Some results on 2D Fish_B data with 30 % outlier ratio
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the result with the overall mean and standard deviation of
registration error in our algorithm. Where our algorithm is
operated by 50 runs for each initial outlier ratio from 0.1 to
0.9.

2D Fish_A Registration: We first process our algorithm
and the competing method on 2D Fish_A data. The original
Fish_A data set is illustrated in Fig. la, which is available
at http://www.csee.ogi.edu/myron. For brevity, we pre-
sented few of the experimental results with 30 % real
outlier ratio in Fig. 1b—k. The statistical registration errors
of our method and CPD for different outlier ratios are

0.06 0.06

depicted in Fig. 2a—c, and the comparisons of our method
and TPS—-RPM are shown in Fig. 2d.

2D Fish_B Registration: Then, another 2D data set is
applied to test the validation of our method. The original
Fish_B in Fig. 3a is available from http://noodle.med.yale.
edu/ ~ chui/tps-rpm.html. The experimental results with
30 % real outlier ratio is partly presented in Fig. 3b—k. The
statistical registration errors of our method and CPD for
different outlier ratios are depicted in Fig. 4a—c, and the
comparisons of our method and TPS—-RPM are shown in
Fig. 4d.

A
0.05 - = -Our Method 0.05 - = -Our Method

0.04 0.04

——CPD ——TPS-RPM
- =-Our Method - = -Our Method|

Initial outlier ratio y Initial outlier ratio y

(a) (b)

Fig. 4 A comparison of our algorithm with CPD and TPS-RPM on
2D Fish_B data: the comparison of our algorithm and CPD with 10 %
real outlier ratio is in (a), 20 % real outlier ratio in (b), 30 % real

liers
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(© (d

outlier ratio in (c), respectively; the comparison of our algorithm and
TPS-RPM is in (d)

(€) The TPS-RPM result

(h) Our method: y = 0.1

(i) Our method: ¥y =0.3

Fig. 5 Some results on 3D Face data with 30 % outlier ratio

(j) Our method: y = 0.7 (K) Our method: y = 0.9
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3D Face Registration: The meliority of our method on 2D
data has been demonstrated above. Now we prepare to
implement our method on 3D Face data along with the
competing methods. This data set is obtained at http://www.
csee.ogi.edu/myron and shown as Fig. 5a. Some experimental
results with 30 % real outlier ratio are also in Fig. 5. The
statistical registration errors of our method and CPD for dif-
ferent outlier ratios are depicted in Fig. 6a—c, and the com-
parisons of our method and TPS—RPM are shown in Fig. 6d.

3D Random Registration: Finally, a 3D Random data set
is given to test the performance of our work. This data set

containing 350 points randomly drawn from a region
[0,1] x [0,1] x [0,1], then we use TPS to get the trans-
formation map. The data set and some experimental results
with 30 % real outlier ratio are presented as Fig. 7. The
statistical registration errors are depicted in Fig. 8.

From the experiments, the TPS—RPM could successfully
deal with both 2D and 3D data, and it performs better on
2D data than 3D. However, our method outperform TPS—
RPM for all the data sets. For comparing with the CPD
method, we can see that under an appropriate initial outlier
ratio y, CPD could work quite well. But beyond that, our
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(@ (b)

Fig. 6 A comparison of our algorithm with CPD and TPS-RPM on
3D Face data: the comparison of our algorithm and CPD with 10 %
real outlier ratio is in (a), 20 % real outlier ratio in (b), 30 % real

(b) 3D Random data with 30% per-

cent outliers

(h) Our method: y = 0.1

(i) Our method: y =0.3

Fig. 7 Some results on 3D Random data with 30 % outlier ratio
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Fig. 8 A comparison of our algorithm with CPD and TPS-RPM on
3D Random data: the comparison of our algorithm and CPD with
10 % real outlier ratio is in (a), 20 % real outlier ratio in (b), 30 %

algorithm could outperforms CPD with almost any initial
outlier ratio y on both 2D and 3D point sets. Actually, our
method is not sensitive to . We can practically fix the y to
0.5 in practice to get robust results. Besides, to get
acceptable performance, CPD has to be tested on several
values of y even the real outlier ratio is acquired. In other
words, the y which leads to the best performance does not
reflect the real outlier ratio in CPD as the experimental
results illustrated. While such drawback has less affection
on our method. We give an explanation as follows: con-
sidering the problem formulation Egs. (1) and (3), we
model the outlier as a uniform distribution %, while CPD
uses a stable item %, where N is the point number of one
set, this stable item is not a probability distribution, and
then it will lead to a scaling problem on the outlier ratio 7.

5 Conclusion
In this letter, we present a robust non-rigid registration

algorithm which exhibits better tolerance to outliers than
competing methods. Based on CPD, the main virtue of our

Initial outlier ratio y Real outlier ratio

(© (d)

real outlier ratio in (c), respectively; the comparison of our algorithm
and TPS-RPM is in (d)

method is that the outlier ratio can be updated during the
EM iteration, which provides robust results without any
assumption of prior information for outlier-perturbed data.
Also, the uniform distribution which models the outlier is
determined by the volume of the point set region in our
method.

We compare the performance of the our method to CPD
and TPS-RPM on both 2D and 3D data, and the experi-
mental results demonstrate that our method is more robust
in the presence of outliers with unknown ratios. In our
future work, we plan to focus on the applicability of other
distributions for modeling, such as to model the outliers
other than the uniform distribution.
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Appendix: The summary of our algorithm

Algorithm 1: The summary of our algorithm

Input: Two point sets {x1,...,xn},{y1,..., Y~} , kernel T, trade-off A.
Output: Transformation T, correspondence confidence P.

Initialize f(ym) =0, 0% =

=

DMN

N

1 M,N
m,n=1

Initialize 7m = (1 —)/M, m =1,..., M, , where 0 < v < 1 is the initial

Ixn — yml||?, kernel matrix T;

outlier ratio and could be any real value;

3 Calculate a as the volume of the output space;

4 Set the learning rate a = ¢, where t is the current iteration time;

5 repeat

6 FE-step:

7 Update P by equations (5) and (6);

8 M-step:

9 Update C by solving linear system (13);
10 Update f, 02, 7, v by equations (12), (7), (9), (10) respectively;
11 until Q converges;

12

Transformation T(y) =y + f(y), correspondence confidence is given by P
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