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Robust Feature Matching for Remote Sensing Image
Registration via Locally Linear Transforming
Jiayi Ma, Huabing Zhou, Ji Zhao, Yuan Gao, Junjun Jiang, and Jinwen Tian

Abstract—Feature matching, which refers to establishing reliable correspondence between two sets of features (particularly
point features), is a critical prerequisite in feature-based registration. In this paper, we propose a flexible and general algorithm,
which is called locally linear transforming (LLT), for both rigid
and nonrigid feature matching of remote sensing images. We start
by creating a set of putative correspondences based on the feature
similarity and then focus on removing outliers from the putative
set and estimating the transformation as well. We formulate this
as a maximum-likelihood estimation of a Bayesian model with
hidden/latent variables indicating whether matches in the putative set are outliers or inliers. To ensure the well-posedness of
the problem, we develop a local geometrical constraint that can
preserve local structures among neighboring feature points, and it
is also robust to a large number of outliers. The problem is solved
by using the expectation–maximization algorithm (EM), and the
closed-form solutions of both rigid and nonrigid transformations
are derived in the maximization step. In the nonrigid case, we
model the transformation between images in a reproducing kernel
Hilbert space (RKHS), and a sparse approximation is applied to
the transformation that reduces the method computation complexity to linearithmic. Extensive experiments on real remote sensing
images demonstrate accurate results of LLT, which outperforms
current state-of-the-art methods, particularly in the case of severe
outliers (even up to 80%).
Index Terms—Feature matching, locally linear transforming
(LLT), outlier, registration, remote sensing.

I. I NTRODUCTION

I

MAGE registration is a fundamental and challenging problem in remote sensing, and it is a critical prerequisite in a
wide range of applications including environment monitoring,
change detection, image fusion, image mosaic, and map up-
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dating [1], [2]. The primary objective of image registration is
to geometrically overlay two images of the same scene (i.e.,
the reference and sensed images) taken at different times, from
different viewpoints, or by different sensors.
During the last decades, a variety of techniques have been developed for remote sensing image registration. These methods
can be roughly classified into two categories: area based and
feature based [1]. The former finds the matching information by
using the original pixel intensities in the overlapped region of
two images with a specified similarity metric, whereas the latter
seeks correspondence between local features under descriptor
similarity and/or spatial geometrical constraints. The areabased methods are preferable in case of few prominent details
where the distinctive information is provided by pixel intensities rather than by local shapes and structures, but they suffer
from heavy computational complexities, image distortions, and
illumination changes. By contrast, feature-based methods are
more robust, which allow registering images of completely
different nature and can handle complex image distortions. The
features used in these methods can be represented as compact
geometrical entities at different levels, such as points, line
segments, contours, and regions [3], [4]. Nevertheless, featurebased methods are typically formulated as a point matching
problem as point representations are general and easy to extract.
In this paper, we focus on point-based methods for registration
of remote sensing images.
The key requirement of point-based method is feature matching, which refers to the process of establishing reliable correspondence between two sets of feature points (also known as
key points or interest points). Although many methods have
been proposed for different applications, it is still a challenging
task to develop a unified framework for remote sensing image
registration. First, remote sensing images often contain local
distortions caused by ground relief variations and imaging
viewpoint changes, which means that they are not “exactly
matchable” via a simple parametric model (e.g., rigid or affine
transformation) as used in most existing point-based methods.
Therefore, high-dimensional nonrigid transformations are required to produce accurate alignments. Second, the complex
nature of remote sensing images (e.g., unavoidable noise, occlusions, repeated structures, and multisensor data) often results in
a high number of false matches, which have a significant impact
on determining the transformational model required in aligning
the images together. Therefore, a robust procedure of outlier
removal is desirable. Third, for large remote sensing images,
the scale of extracted feature points is usually extremely large,
e.g., tens of thousands. This poses a significant burden on
typical feature matching methods, particularly in the nonrigid
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case. Therefore, it is of particular advantage to develop a more
efficient technique.
To address these issues, we propose a novel method called
locally linear transforming (LLT) in this paper. The method
is general and efficient, which can handle both rigid and
nonrigid transformations within linearithmic complexity,
and it is also robust to a very large number of outliers.
More precisely, we introduce a unified maximum-likelihood
framework for robust estimation of transformation from a
set of putative correspondences contaminated by noise and
outliers. Our approach associates each correspondence with a
latent variable, which indicates whether it is an inlier or not,
and then alternatively recovers the underlying transformation
(either rigid or nonrigid) and estimates the inlier set by using
an expectation–maximization (EM) algorithm [5]. To ensure
the well-posedness1 of the optimization problem, we develop a
local geometrical constraint that is similar to the locally linear
embedding (LLE) [6]. The local geometrical constraint can
also preserve local structures among neighboring feature points
after the transformation and hence helps to recover the accurate
correspondence. Moreover, in the nonrigid case, we model the
transformation in a functional space, called the reproducing
kernel Hilbert space (RKHS) [7], in which the function has an
explicit kernel representation.
Our contribution in this paper includes the following three
aspects. First, we propose a unified maximum-likelihood formulation for robust feature matching of remote sensing images.
Compared with the existing methods that typically rely on a
parametric transformational model, our formulation can also
handle nonparametric model such as nonrigid transformation.
Second, we develop a local geometrical constraint to regularize
the transformation. This constraint can preserve local structures
among neighboring feature points, which is an intrinsic property of remote sensing image pairs, and hence can handle a large
number of outliers. Third, we introduce a fast implementation
based on sparse approximation to improve the computational
efficiency. This makes our method to have linearithmic time
complexity and linear space complexity with respect to the
scale of feature correspondence, which is significant for a large
size of remote sensing images.
The remainder of this paper is organized as follows.
Section II describes background material and related work. In
Section III, we present our robust LLT algorithm and apply
it to rigid, affine,2 and nonrigid feature matching. Section IV
illustrates the registration performance of our method on
various types of remote sensing image pairs with comparisons
to other approaches, followed by some concluding remarks in
Section V.

[12]–[15], image analysis [16]–[20], and particularly in the
field of remote sensing [1], [21]–[24]. Exhaustive reviews on
image registration methods can be found in the literature [1],
[3], [22], [25]. Then, we briefly review the two major types
of methods, i.e., the area-based methods and feature-based
methods, particularly in the context of remote sensing image
registration.
A. Area-Based Methods
Area-based methods deal directly with the image intensity
values without attempting to detect salient structures such as
features. These methods can be broadly classified into three
types: correlation-like methods, Fourier methods, and mutual
information (MI) methods [1].
Correlation-like methods such as cross-correlation and its
modifications are a classical representative of the area-based
methods [26]. The main idea of these methods is to compute
the similarities of window pairs in two images, and consider
the one with the largest similarity as a correspondence. In
remote sensing applications, a correlation-like method utilizing maxima of wavelet coefficients has been developed for
automatic registration [27]. The correlation-like methods suffer
from some drawbacks such as the flatness of the similarity measure in textureless regions and high computational complexity.
However, due to their easy hardware implementation, which
is beneficial for real-time applications, these methods are still
often in use.
Fourier methods exploit the Fourier representation of images
in the frequency domain [28]. A common technique is the
phase correlation method based on the Fourier shift theorem,
which was later extended to account for rotation and scaling
[29]. The applications to remote sensing are described in [30].
Compared with correlation-like methods, these methods have
some advantages in computational efficiency and are also robust to frequency-dependent noise. However, they have some
limitations in case of image pairs with significantly different
spectral contents.
Finally, area-based methods also include MI methods. The
MI provides an attractive metric for maximizing the dependence between two images, and it is particularly suitable for
multimodal registration in remote sensing, which often makes
use of the exploitation of multisensors [31], [32]. Moreover,
for medical image registration, the MI-based methods not only
work directly with image intensities but also with extracted
features such as points of the area borders [33]. Despite its
outstanding performance, the MI-based methods do not provide
a global maximum of the entire search space for the transformation and hence inevitably reduces its robustness.

II. R ELATED W ORK
Image registration has been widely applied in many
fields such as computer vision [8]–[11], pattern recognition
1 A problem is well-posed if its solution exists, is unique, and depends
continuously on the data (e.g., it is stable).
2 Note that affine is also a kind of simple nonrigid transformation that allows
only for translation, rotation, anisotropic scaling, and skews. Nonrigid in this
paper typically refers to a nonlinear transformation.

B. Feature-Based Methods
The second approach for image registration is based on the
extraction of salient structures, i.e., features, in the images. We
assume that the extracted features are represented by spatial
points, which are also called control points in the literature [1].
The image registration then reduces to a feature matching problem, where the goal is to determine the correct correspondence
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and/or to find the underlying spatial transformation between
two sets of control points [34].
A popular strategy for solving the feature matching problem
is to use a two-stage process [34]–[36]. In the first stage,
a set of putative correspondences are computed by using
a similarity constraint, which requires that points can only
match points with similar local descriptors (e.g., scale-invariant
Fourier transform (SIFT) [37] or shape context [38]). This
putative correspondence set typically includes not only most
of the true matches, i.e., the inliers, but also a large number of
false matches, or outliers, due to ambiguities in the similarity
constraint. The second stage is designed to remove the outliers
by using a geometrical constraint, which requires that the
matches satisfy an underlying geometrical requirement. The
inliers and the geometric parameters of the transformation are
then obtained accordingly. Examples of this strategy include
the classical RANSAC algorithm [39] and analogous robust
hypothesize-and-verify methods [40], [41] that typically rely
on parametric models, and vector field consensus [34], [42],
robust point matching via L2 E [43], graph shift (GS) [44],
and identifying correspondence function (ICF) [45], which are
based on nonparametric models. In remote sensing, the majority
of the feature-based methods also use the two-stage process.
In general, the feature descriptors used in remote sensing
images are not only SIFT [37] and its variants [46]–[48] but
also include SURF [49] and complex wavelet feature [50].
The geometric transformational models are not only typically
parametric, such as rigid, affine [51], [52], and projective
[2], but also include nonparametric models, such as a nonrigid model with thin-plate spline (TPS) [21], and a graphbased model, such as restricted spatial order constraints [53].
Although these methods are very successful in many situations, none of them provide a uniform framework to handle
both the rigid and nonrigid matching problems under severe
outliers.
Another strategy for feature matching is to formulate this
problem in terms of a correspondence matrix between control
points together with a parametric or nonparametric geometrical
constraint. These methods typically involve a two-step update
process, which alternates between the correspondence and the
transformation estimation. The well-known heuristic iterative
closest point algorithm is one such example [54], [55]. Chui and
Rangarajan [56] established a general framework for estimating
correspondence and transformation, where in a nonrigid case,
the transformation is modeled as a TPS function. Alternatively,
the coherence point drift (CPD) algorithm [57] uses Gaussian
radial basis functions instead of TPS, and it was later improved
by using global–local topology constraints [58], [59]. In these
formulations, both the rigid and nonrigid cases can be dealt
with, but these methods usually throw out the similarity information (e.g., a descriptor) and use only the spatial position
of each feature point; hence, the matching performance may
probably be degraded. In remote sensing, a method combining
spatial and similarity information has also been introduced
[51], but it can only be applied to a parametric model such
as an affine model. In this paper, we introduce a uniform
maximum-likelihood formulation for both rigid and nonrigid
feature matching. By combining it with a local geometrical
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constraint, the proposed approach is also able to handle a large
number of outliers.
III. L OCALLY L INEAR T RANSFORMING A LGORITHM
This section describes the proposed feature matching algorithm for remote sensing images. We start by laying out a
maximum-likelihood formulation for feature matching and then
introduce a local geometrical constraint and propose our LLT
algorithm in the context of remote sensing. We subsequently
apply the proposed approach to rigid, affine, and nonrigid
feature matching. Finally, we analyze the computational complexity and provide the implementation details of the proposed
approach.
A. Problem Formulation
Suppose we are given a set of N putative feature correspondences S = {(xn , yn )}N
n=1 extracted from a remote sensing
image pair, where xn and yn are 2-D column vectors indicating
the spatial positions of feature points in the two 2-D images
(adaptation to higher dimension is straightforward). Typically,
S is contaminated by some unknown noise and outliers, and
the goal is to distinguish inliers from the outliers to establish
reliable correspondences.
Without loss of generality, we make the assumption that
the noise on inliers is isotropic Gaussian with zero mean
and covariance σ 2 I, where I is an identity matrix, and the
outlier distribution is uniform [40]. A more general assumption of anisotropic Gaussian noise on inliers has also been
considered in [60]. We then associate the nth correspondence
with a latent variable zn ∈ {0, 1}, where zn = 1 indicates the
correspondence (xn , yn ) being an inlier and zn = 0 points to
an outlier. Let T be the transformation that characterizes the
underlying geometrical relation between the correspondences,
e.g., for an inlier correspondence (xn , yn ), yn = T (xn ). Thus,
the mixture model takes the following form:

p(yn |xn , θ) =
p(yn , zn |xn , θ)
zn

= p(z = 1)p(yn |xn , θ, zn = 1)
+ p(z = 0)p(yn |xn , θ, zn = 0)
2
n )
γ − yn −T (x
1−γ
2σ2
=
(1)
e
+
2πσ 2
a
where θ = {T , σ 2 , γ} includes a set of unknown parameters,
γ is the mixing coefficient specifying the marginal distribution over the latent variable (i.e., ∀ zn , p(zn = 1) = γ), and
1/a denotes the outlier uniform distribution with a being
the area of the second image (i.e., the range of yn ). Let
X = (x1 , . . . , xN )T and Y = (y1 , . . . , yN )T be the N × 2
matrices indicating the two feature point sets, respectively.
By using the independent and identically distributed (i.i.d.)
data assumption, we have the likelihood function p(Y|X, θ) =
N
n=1 p(yn |xn , θ).
We give a maximum-likelihood estimation of the parameter
set θ, i.e., θ∗ = arg maxθ p(Y|X, θ), which is equivalent to
minimizing the negative log-likelihood function:
N

E(θ) = − ln p(Y|X, θ) = −
ln p(yn |xn , θ). (2)
n=1
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To solve this problem, we consider the EM algorithm. It
alternates with two steps: the E-step basically estimates the
responsibility that indicates to what degree a correspondence
belonging to the inlier set under the given parameter set θ,
whereas the M-step updates θ based on the current estimate of
the responsibility. We follow standard notations [61] and omit
some terms that are independent of θ. Considering the negative
log-likelihood function in (2), the complete-data log likelihood
is then given by
Q(θ, θ old ) = −

N
N

1 
2
2
p
y
−
T
(x
)
−
ln
σ
pn
n
n
n
2σ 2 n=1
n=1

+ ln γ

N


pn + ln(1 − γ)

n=1

N


(1 − pn )

(3)

n=1

where pn = P (zn = 1|xn , yn , θold ) is a posterior probability
indicating to what degree (xn , yn ) being an inlier.
E-Step: Denote P = diag(p1 , . . . , pN ) as a diagonal matrix,
where pn can be computed by using the current parameter set
θ old based on Bayes rule, i.e.,
pn =

γe−
γe−

yn −T (xn )2
2σ2

yn −T (xn )2
2σ2

+

2πσ2 (1−γ)
a

.

(4)

M-Step: Reestimate the parameter set using the current
responsibilities: θnew = arg maxθ Q(θ, θold ). Taking derivatives of Q with respect to σ 2 and γ, and setting them to zero,
we obtain


tr (Y − T)T P(Y − T)
2
(5)
σ =
2 · tr(P)
tr(P)
γ=
(6)
N
where T = (T (x1 ), . . . , T (xN ))T . In order to complete the
EM algorithm, the transformation T should be estimated in the
M-step. We will discuss it later in the succeeding sections.
After the EM iteration converges, with a predefined threshold
τ , the inlier set I could be obtained according to the following
criterion:
I = {(xn , yn ) : pn > τ, n ∈ INN } .

In our problem, we hope that the local structures in the point
set could be preserved after the transformation T . To this end,
we introduce an efficient scheme similar to the LLE algorithm
[6], [58], which is proposed as a nonlinear dimensionality
reduction method to preserve the local neighborhood structure
in a low-dimensional manifold. First, search the K nearest
neighbors for each point in X. Denote by W an N × N weight
matrix, and enforce Wij = 0 if xj does not belong to the set
of neighbors of xi . Second, minimize the reconstruction errors
measured by the cost function as follows:

2

N 
N




xi −

W
x
(8)
E(W) =
ij j 


i=1 
j=1

(7)

B. Local Geometrical Constraint
The transformation T characterizes the global geometrical
relation between the image pair, which is useful in keeping
the overall spatial connectivity of the point correspondences
during matching. However, for remote sensing image pairs, the
difference between the disparities of the point correspondences
in local areas are typically quite small; hence, the local structures among neighboring feature points are also very strong and
stable. This is particularly beneficial when the images involve
nonrigid or discontinuous motions [62]. Therefore, to establish
accurate matches, a local geometrical constraint on the point
correspondences is desired.

under a constraint
that the rows of the weight matrix sum

W
to one: ∀ i, N
ij = 1. The optimal weights Wij can
j=1
be obtained by solving a least squares problem. Third, the
local geometry of each inlier point after the transformation T
could
minimizing a transforming cost term
N be preservedby
N
2
p
T
(x
)
−
i
i
i=1
j=1 Wij T (xj ) . By combining it with
(3), the objective function in the M-step then becomes
2



N
N





 θold ) = Q(θ, θold )−λ
T
(x
Q(θ,
pi 
)−
W
T
(x
)
i
ij
j 



i=1
j=1
(9)
where λ > 0 controls the tradeoff between the two terms.
Clearly, the estimates of σ 2 and γ in (5) and (6) will not be
influenced by the additional transforming cost term. To estimate
T , we consider the related terms in (9) and obtain the following
minimizing problem:

Ψ(T ) =

N
1 
pn yn − T (xn )2
2σ 2 n=1

2


N
N





+λ
pi T (xi ) −
Wij T (xj )



i=1
j=1

(10)

which is composed of an empirical error term and a transforming cost term.
Note that in the linear case such as rigid or affine transformation, by using the homogeneous coordinate notation x̄ =
(xT , 1)T , the transformation T can be represented as a 3 ×
3 matrix H : yn = Hxn . Thus, the transforming cost term
2
in (10) has the form λP1/2 (X̄ − WX̄)HT F with  · F
being the Frobenius norm. As P and W are fixed during
transformation estimation, the transforming cost term then be2
comes λGHT F , where G = P1/2 (X̄ − WX̄) is an N × 3
constant matrix. In this context, the transforming cost term
plays a role of regularization on the transformation T , which
ensures the well-posedness of the empirical risk minimization
[63], and it is controlled by a locally linear constraint (i.e.,
X̄ − WX̄) and a match correctness constraint (i.e., P). This
idea can be generalized to the nonlinear case since we expect
each feature point and its neighbors to lie on or close to a locally

MA et al.: ROBUST FEATURE MATCHING FOR REMOTE SENSING IMAGE REGISTRATION VIA LLT

6473

C. Rigid Feature Matching
For rigid feature matching, we define the transformation as
T (xn ) = sRxn + t, where R is a 2 × 2 rotation matrix, t
is a 2 × 1 translation vector, and s is a scaling parameter.
By
Nconsidering that R is orthogonal and the constraint ∀ i,
j=1 Wij = 1, the objective function (10) becomes
Ψ(R, t, s) =

N
1 
pn yn − sRxn − t2
2σ 2 n=1
 ⎛
⎞2


N
N





⎝
⎠
+λ
pi s xi −
Wij xj 



i=1
j=1

s.t. RT R = I, det(R) = 1.

Fig. 1. Schematic of the local geometrical constraint. (a) Set of putative
correspondences, where ◦ and ∗ are the feature points of the left and right
images, and blue and red lines represent inliers and outliers, respectively.
(b) Assign neighbors to each feature point xi , e.g., the five solid circles around
xi . (c) Compute the weights Wij that best linearly reconstruct xi from its
neighbors. (d) Optimize the transformation T under the constraint that each
point xi can be reconstructed by its neighbors with weights Wij after the
transformation. (e) Alignment of two point sets by using transformation T .

linear patch.3 We give a schematic illustration of the local
geometrical constraint in Fig. 1. As our method recovers global
transformation based on locally linear fits, we name it LLT.
We next consider the modeling of the transformation. In
remote sensing tasks such as image mosaicing, environmental
monitoring, and change detection, the relationships between
image pairs are typically modeled by rigid or affine transformations [2], [46]. This is appropriate since remote sensing
images are often taken at very long range, and then they could
be approximately considered planar scenes. However, when
the scene involves land drift or feature points with significant
depth relief such as spatially variant terrain relief images,
the planar scene assumption then cannot work well. In this
case, a relatively complex nonrigid model is more preferable.
Our proposed formulation in this paper is independent of the
transformation model, and it is able to handle most common
geometric distortions found in remotely sensed imagery. To
solve the transformation T from (10), we specify it for rigid,
affine, and nonrigid cases, separately.
3 The

locally linear assumption in the nonrigid case may fail when the
neighbors cover area where the geometrical transformation nonlinearity cannot
be neglected. However, the assumption works quite well as the feature points
are typically in large scale and spread over the image.

(11)

Note that the first term is similar to the absolute orientation
problem [57], [64]. The solutions of t and s are straightforward,
whereas the solution of R is complicated due to the additional
constraints. To obtain the closed-form solution, we consider the
following lemma [65].
Lemma 1: Let R be an unknown D × D rotation matrix and
B be a known D × D real square matrix. Let USVT be a
singular value decomposition of B, where UUT = VVT = I
and S = diag(si ) with s1 ≥ · · · ≥ sD ≥ 0. Then, the optimal
rotation matrix R that maximizes tr(BT R) is R = UDV T ,
where D = diag(1, . . . , 1, det(UVT )).
To solve the rotation matrix R, we rewrite the objective
function (11) so that it has the form tr(BT R). To this end,
we first eliminate the translation parameter t. By taking the
derivative of Ψ with respect to t and setting it to zero, we obtain
t=

1
1
YT P1 −
sRXT P1 = μy − sRμx
tr(P)
tr(P)

(12)

where μx and μy are the mean vectors defined as
μx =

1
XT P1
tr(P)

μy =

1
YT P1.
tr(P)

(13)

By substituting t back into the objective function and omitting the terms that are independent of R and s, we obtain
Ψ(R, s) =

1
tr(s2 X̂T PX̂ − 2sŶT PX̂RT )
2σ 2
+ λ · tr(s2 XT QX) (14)

T
where X̂ = X − 1μT
x and Ŷ = Y − 1μy are centered point
T
matrices, amd Q = (I − W) P(I − W). Specifically, we
consider the term related to R, which has the following form:

T
s
Ψ(R) = − 2 tr (ŶT PX̂) R .
(15)
σ

Therefore, by applying Lemma 1, the optimal R of the
problem in (11) is given by
R = UDV T

(16)

where U and V can be obtained from USVT = svd(ŶT PX̂),
and D = diag(1, det(UVT )).
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To solve the scaling parameter s, we equate the corresponding derivative of (14) to zero and obtain

T
tr (ŶT PX̂) R
.
(17)
s=
tr(X̂T PX̂) + 2λσ 2 tr(XT QX)
So far, all the parameters in the M-step have been solved. We
summarize our LLT algorithm for rigid matching in Algorithm 1.

is modeled by requiring it to lie within a specific functional
space H, namely, a vector-valued RKHS [66] (associated with
a particular kernel), as described in detail in Appendix A. We
define H by a matrix-valued kernel Γ : IR2 × IR2 → IR2×2 ,
and a diagonal Gaussian kernel Γ(xi , xj ) = κ(xi , xj ) · I =
2
e−βxi −xj  · I is chosen in this paper. Thus, we have the
following theorem, and the proof is given in Appendix B.
Theorem 1: The optimal solution of the objective function
(10) in the nonrigid case is given by
T (x) = x + f (x) = x +

D. Affine Feature Matching
Compared with the rigid case, affine feature matching is
simpler since the optimization is unconstrained. We define the
transformation as T (xn ) = Axn + t, where A is a 2 × 2
affine matrix, and t is a 2 × 1 translation vector. The objective
function (10) then becomes
N
1 
pn yn − Axn − t2
Ψ(A, t) = 2
2σ n=1
 ⎛
⎞2


N
N




⎝xi −
⎠ . (18)
A
+λ
pi 
W
x
ij
j




i=1
j=1
The solution of t is similar to the rigid case. The solution
of A can be obtained by directly taking the partial derivative of
Ψ, setting it to zero, and solving the resulting linear system of
equations. The optimal t and A are given by
t = μy − Aμx
T

(19)
T

2

T

−1

A = (Ŷ PX̂)(X̂ PX̂ + 2λσ X QX) .

(20)

So far, the affine transformation in the M-step has been
solved. We summarize our LLT for affine matching in
Algorithm 2.
E. Nonrigid Feature Matching
We now consider the case of nonrigid transformation. To
this end, we define the transformation T as the initial position
plus a displacement function f : T (x) = x + f (x), where f

N


Γ(x, xn )cn

(21)

n=1

with the coefficient set {cn : n ∈ INN } determined by a linear
system
(P + 2λσ 2 Q)ΓC = PY − (P + 2λσ 2 Q)X

(22)

where C = (c1 , . . . , cN )T , Γ ∈ IRN ×N is the so-called Gram
2
matrix with Γij = κ(xi , xj ) = e−βxi −xj  .
Fast Implementation: In a feature matching problem, the
point set typically contains hundreds or thousands of points,
which causes significant complexity problems (both in time
and space). Consequently, we adopt a sparse approximation and
randomly pick only a subset of size M input points {x̃m }M
m=1
to have nonzero coefficients in the expansion of the solution
[i.e., (21)]. This follows the work in [67] and [68], where it
was found that this approximation works well and that simply
selecting a random subset of the input points in this manner performs no worse than more sophisticated and time-consuming
methods. Thus, we seek a solution of the following form:
f (x) =

M


Γ(x, x̃m )cm .

(23)

m=1

The chosen point set {x̃m }M
m=1 is somewhat analogous to
control points. By using the sparse approximation, the linear
system (22) becomes
ET (P+2λσ 2 Q)ECs = ET PY−ET (P+2λσ 2 Q)X

(24)
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where the coefficient matrix Cs = (c1 , . . . , cM )T ∈ IRM×2 ,
2
and E ∈ IRN ×M with Eij = κ(xi , x̃j ) = e−βxi −x̃j  .
We summarize our LLT for nonrigid matching in Algorithm 3.
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TABLE I
C OMPUTATIONAL C OMPLEXITIES OF OUR LLT A LGORITHM

For the nonrigid case, the time complexity of solving the
linear system (22) is O(N 3 ); hence, the total complexity can be
written as O(N 3 ). The space complexity scales like O(N 2 ) due
to the memory requirements for storing the Gram matrix Γ. By
using the sparse approximation, the time complexity of solving
the linear system (24) reduces to O(M 2 N + KM N + K 2 N ).
Therefore, the total time complexity is O(K 3 N + M 2 N +
N log N ), which is about linearithmic with respect to the scale
of the given correspondence set. The space complexity reduces
to O(M N + KN ) due to the memory requirements for storing
E and W.
We summarize the time and space complexities of our LLT
algorithm in Table I. We see that the time complexities are
all linearithmic, and the space complexities are all linear, with
respect to the scale of the given correspondence set. This is
significant for large-scale problems.
F. Convergence Analysis

H. Implementation Details

Note that the negative log-likelihood function (2) is not
convex; therefore, it is unlikely that any algorithm can find
its global minimum. Our strategy is to initialize the variance
σ 2 by a large initial value and then use the EM algorithm. At
large σ 2 , the objective function will be convex in a large region
surrounding the global minimum. Hence, we are likely to find
the global minimum for large variance. As σ 2 decreases, the
position of the global minimum will tend to change smoothly.
The objective function will be convex in a small region around
its minimum, which makes it likely that using the old global
minimum as an initial value could converge to the new global
minimum. Therefore, as the iteration proceeds, we have a good
chance of reaching the global minimum. This is conceptually
similar to deterministic annealing [69], which uses the solution
of an easy (e.g., smoothed) problem to recursively give initial
conditions to increasingly harder problems, but it differs in
several respects (e.g., by not requiring any annealing schedule).
Moreover, the adaptive estimation of σ 2 also allows to reduce
the number of free parameters and, more importantly, to obtain
good estimates very quickly (e.g., avoiding many of the local
minima inherent in the formulation).

The performance of feature matching algorithms depends,
typically, on the coordinate system in which feature points are
expressed. We use data normalization to control for this. More
specifically, we perform a linear rescaling so that the spatial
positions of the two feature point sets both have zero mean and
unit variance. Note that the constant a of the uniform distribution in (1) should be set according to the data normalization.
Parameter Setting: There are mainly six parameters in our
method: K, λ, τ , γ, β, and M . Parameter K controls the number of nearest neighbors for linear reconstruction. Parameter λ
controls the influence of the local geometrical constraint on the
transformation T . Parameter τ is a threshold, which is used
for deciding the correctness of a correspondence. Parameter
γ reflects our initial assumption on the amount of inliers in
the correspondence sets. Parameters β and M are used in
our nonrigid matching algorithm, where the former determines
how wide the range of interaction between feature points, and
the latter is the required number of control points for sparse
approximation. We set K = 15, λ = 1000, τ = 0.5, γ = 0.9,
β = 0.1 and M = 15, throughout this paper.

G. Computational Complexity
To search the K nearest neighbors for each point in X,
the time complexity is close to O((K + N ) log N ) by using
the k − d tree [70]. According to (8), the time complexity of
obtaining the weight matrix W is O(K 3 N ) because each row
of W can be solved separately with O(K 3 ) time complexity.
For the rigid and affine cases, the time complexities of solving
the transformations are both O(KN ); hence, the total time
complexities for rigid and affine matching are both O(K 3 N +
N log N ). The space complexities for rigid and affine matching
are both O(KN ) due to the memory requirements for storing
the weight matrix W.

IV. E XPERIMENTAL R ESULTS
Here, we test the performance of our proposed LLT and
compare it with other three state-of-the-art feature matching
methods such as RANSAC [39], ICF [45], and GS [44].
Throughout the experiments, four algorithms’ parameters are
all fixed. The experiments are performed on a laptop with
2.5-GHz Intel Core CPU, 8-GB memory, and MATLAB code.
A. Data Sets and Settings
To evaluate our LLT algorithm, we design a set of experiments on feature matching of remote sensing images involving
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Fig. 2. Qualitative matching results on several typical remote sensing image pairs. The first two rows satisfy the rigid model, the middle two rows satisfy the
affine model, and the last two rows satisfy the nonrigid model. The columns show the matching process during the EM iteration, and the level of the blue color
indicates to what degree a correspondence belongs to the inlier. For visibility, at most 300 randomly selected matches are presented in the first column.

rigid, affine, and nonrigid transformations. Next, we discuss
about the data sets used in this paper.
• Rigid data set. The test data set consists of two types of
image pairs, which were captured over eastern Illinois,
USA (from Erdas example data4 ) and Shanghai, China.
The first contains 20 color-infrared aerial photograph
image pairs with small overlap areas of sizes from 1391 ×
1374 to 1450×1380, which typically arises in the image
mosaic problem. The second contains eight SPOT image
pairs of all size 3086 ×2865 with each pair representing
the same area taken at different times, which typically
arises in the change detection problem. The latter type
of image pairs have already been aligned; hence, we
manually add random rigid transformations to make the
matching problem more challenging.
• Affine data set. The test data set contains 16 image
pairs with sizes from 400×400 to 1072×1072 , where
the reference images are the satellite-based SAR data of
RADARSAT II, and the sensed images are the airborne
SAR data of an unmanned aerial vehicle. All the image
pairs involved affine distortion and were captured over
Nantong, Jiangsu Province, China, during October and
November in 2013.
• Nonrigid data set. The test data set contains 16 pairs
of panchromatic aerial photographs with sizes from
4 The data set is available at: http://download.intergraph.com/downloads/
erdas-imagine-2013-2014-example-data.

638×750 to 1432×1632, which were captured by a frame
camera over Tokyo, Japan and Wuhan, China. The image
pairs involve ground relief variations and imaging viewpoint changes and hence are not exactly matchable via a
parametric model such as rigid or affine transformation.
In all the experimental data sets, different image pairs are
captured from different locations. We adopt the SIFT algorithm
to determine the putative feature correspondences, which is
implemented by the open-source VLF EAT toolbox [71]. The
experimental results are evaluated by precision and recall,
where the precision is defined as the ratio of the preserved
inlier number and the preserved correspondence number, and
the recall is defined as the ratio of the preserved inlier number
and the inlier number contained in the putative correspondence
set. To establish the ground truth, i.e., determining the matching correctness of each correspondence, we first use LLT to
establish rough correspondences and then confirm the results
artificially, including both the preserved and removed correspondences produced by LLT.
B. Qualitative Experiments
Our first experiment involves feature matching on several
typical remote sensing image pairs satisfying rigid, affine, or
nonrigid model, as shown in the first column of Fig. 2, where
each case contains two image pairs. We see that the matching
problem on these image pairs is quite a challenge due to the
small overlap areas in the first pair, the severe noise in the
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Fig. 3. Quantitative comparisons of LLT with RANSAC [39], GS [44], and ICF [45] on the rigid (left column), affine (middle column) and nonrigid (right
column) data sets. For each column, the top figure is the cumulative distribution function of the initial inlier ratio in the data set, and the bottom figure is the
precision–recall statistics of the four methods. Our LLT (red circles, upper right corner) has the best precision and recall overall.

middle two pairs, the ground relief variations in the last two
pairs, etc. We use our LLT algorithm with corresponding model
to establish accurate feature correspondences.
The whole matching process on these image pairs is illustrated schematically in Fig. 2. The columns show the iterative
process, the level of the blue color indicates to what degree a
correspondence belongs to inlier, and it is also the posterior
probability pn in (4). In the beginning, we establish the putative
correspondence sets by using the SIFT algorithm, and all the
SIFT matches are assumed to be inlier, as shown in the first
column. To visualize the matching process, we represent the
correspondences as motion fields, as shown in the second
column, where the head and tail of each arrow correspond
to the positions of a SIFT match in two images. As the EM
iterative process continues, progressively more refined matches
are shown in the third, fourth, and fifth columns. The fifth
column shows that LLT almost converges to a nearly binary
decision on the match correctness. The SIFT matches finally
preserved by our LLT are presented in the last column. From
the results, we see that our LLT is able to distinguish inliers
form the outliers on all the six typical pairs.
C. Quantitative Evaluation
We next give quantitative comparisons of our LLT with
RANSAC [39], CPD [57], ICF [45], and GS [44] on the
rigid, affine, and nonrigid data sets. The cumulative distribution
functions of the initial inlier ratio are shown in the top row of
Fig. 3, where the average inlier percentages are about 38.51%,
16.94%, and 52.10%, and the average numbers of correct

correspondences in the putative sets are about 117, 70, and 621,
respectively. We see that the data sets are quite challenging, particularly the affine data set, where most image pairs have inlier
percentages below 20% due to the severe noise in the SAR data.
The results of five methods on the three data sets are summarized in the bottom row of Fig. 3, in which each scattered
dot represents a precision–recall pair on an image pair. For
RANSAC, the rigid transformation, affine transformation, and
fundamental matrix are chosen as the parametric models on
the rigid, affine, and nonrigid data sets, respectively. From the
results, we see that RANSAC can produce satisfying results
when the initial putative set does not contain many outliers, e.g.,
in the nonrigid data set. However, its performance degenerates
rapidly as the percentage of outliers increases, such as in the
affine data set. The performance of CPD is not that satisfied, and
it completely fails on many image pairs (indeed the image pairs
with more outlier correspondences). This is not surprising since
correspondence matrix-based methods do not use local descriptors to establish initial correspondences; hence, they cannot
handle a large number of outliers. ICF usually has high precision or recall, but not simultaneously. It lacks robustness when
the outlier percentage is high. GS has a better precision–recall
tradeoff compared with ICF, but the matching results are still
not that satisfactory. This is probably because that GS cannot
estimate the factor for affinity matrix automatically, and it is not
affine invariant. In contrast, our proposed method LLT has the
best matching performance, where the precisions and recalls are
all close to 1. Note that all methods perform best on the nonrigid
data set. This is because that the nonrigid data set contains
high-quality images; hence, both the initial inlier percentages
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TABLE II
C OMPARISON OF AVERAGE RUN T IMES
( SEC .) ON THE T HREE D ATA S ETS

TABLE IV
AVERAGE P RECISION –R ECALL PAIRS OF O UR LLT AND LLT W ITHOUT
THE T RANSFORMING C OST T ERM ( I . E ., λ = 0) ON THE R IGID ,
A FFINE , AND N ONRIGID D ATA S ETS

TABLE III
AVERAGE P RECISION –R ECALL PAIRS OF O UR LLT ON THE R IGID ,
A FFINE , AND N ONRIGID D ATA S ETS . E ACH ROW IS THE R ESULTS W ITH A
C ERTAIN M ODEL , S UCH AS R IGID (R), A FFINE (A), AND N ONRIGID (NR)

(i.e., 50.12%) and inlier number (621) are quite large (they are
the two critical factors influencing the matching performance
which we will discuss in the next section).
The average run times of the four methods on the three data
sets are provided in Table II. We see that RANSAC is not very
efficient due to the low initial inlier percentages in the data sets.
CPD and GS are quite efficient when the scale of the data set
is not large but degrades rapidly as the scale of the data set
grows. ICF has better efficiency compared with the former two
algorithms. However, our LLT clearly is even faster on all the
three data sets. The large variances of the run times is because
that the initial inlier percentages have large variances.
We also have tested LLT with different models on the three
data sets, and the average precision–recall pairs are summarized
in Table III. As can be seen from the diagonal of the table,
for each data set, the “correct model” produces the best performance. On the rigid data set, the affine and nonrigid models can
also work well. This is not surprising since the rigid model is a
special case of the affine or nonrigid model. On the affine data
set, the affine distortions are quite large (as can be seen from
the middle two rows in Fig. 2); hence, the rigid model fails. On
the nonrigid data set, we found that the main reason leading
to the inferior performance (e.g., low recall) of the rigid and
affine model is that they falsely remove the correspondences
with large disparities caused by the nonrigid distortions (e.g.,
the spatially variant terrain relief). Nevertheless, they still generate good results. This can be attributed to that the nonrigid
distortions are relatively slight, and a rigid or an affine model
can approximate the image relationship sufficiently well.
The influence of the transforming cost term on the performance of LLT has also been investigated on the three data sets.
To this end, we test the average precision–recall pairs of the
proposed maximum-likelihood framework without the transforming cost term, i.e., setting λ = 0 in (9). The statistic results
are given in Table IV. Clearly, LLT with the transforming cost
term can achieve much better performance, particularly in the
affine and nonrigid cases. This is appropriate since the severe
outliers in the affine data set and the nonrigid deformations in
the nonrigid data set will probably make the matching problem
not well posed, which means that the transforming cost term
indeed plays an important role for solving the problem.

Fig. 4. Robustness tests of our LLT algorithm. Each column is a group of
results, where the top figure is the precision curves and the bottom figure is
the recall curves. The curves marked by “” are the results of LLT with a rigid
model on a rigid image pair (i.e., the first row in Fig. 2); the curves marked by
“” are the results of LLT with affine model on an affine image pair (i.e., the
third row in Fig. 2); the curves marked by “◦” are the results of LLT with a
nonrigid model on a nonrigid image pair (i.e., the fifth row in Fig. 2). In the left
column, we fix the inlier number and vary the inlier ratio; in the right column,
we fix the inlier ratio and vary the inlier number. The error bars indicate the
precision/recall means and standard deviations over ten trials.

D. Robustness Test
Finally, we test the robustness of our LLT with different
models. To this end, we use the three typical image pairs shown
in the first, third, and fifth rows of Fig. 2 to test LLT with rigid,
affine, and nonrigid models, respectively. In our evaluation, we
consider the following two scenarios.
On one hand, the initial inlier percentage in the data set
is clearly an important factor that influences the matching
performance. Thus, we fix the inlier number and vary the inlier
ratio, and obtain the precision and recall curves of LLT with
different models on the corresponding image pairs as shown in
the left column of Fig. 4. In the three image pairs, the initial
inlier numbers are 111, 67, and 150, respectively. We fix them
and vary the inlier ratio from 0.01 to 0.3 at an interval of 0.01.
From the results, we see that LLT can work well even the inlier
ratio below 0.1, and the matching performance becomes better
and stable as the inlier ratio increases above 0.1.
On the other hand, the absolute number of correct correspondences in the data set can also influence the matching
performance. To validate this idea, we fix the inlier ratio to 0.2
and then vary the inlier number. More specifically, we vary the
inlier number from 5 to 110 at an interval of 3 in the rigid image
pair, from 5 to 67 at an interval of 2 in the affine image pair,
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and from 5 to 149 at an interval of 3 in the nonrigid image pair,
respectively. The precision and recall curves are given in the
right column of Fig. 4. We see that the matching performance
becomes better as the inlier number grows, and the results are
in general satisfactory when the initial inlier numbers are large
than about 30. That is, at a fixed inlier ratio, the putative sets
with fewer inliers are more sensitive to the noise and outliers.
V. D ISCUSSION AND C ONCLUSION
In this paper, we proposed a new feature matching algorithm called LLT for remote sensing image registration. It
simultaneously estimates the transformation and generates accurate correspondences by an iterative EM algorithm under
a maximum-likelihood framework with a local geometrical
constraint. The method is robust and general, which is able to
handle both rigid and nonrigid transformations in case of severe
outliers and hence can be applied to various registration tasks
in remote sensing. The qualitative and quantitative comparisons
on several types of remote sensing image pairs demonstrate
that our method significantly outperforms other state-of-the-art
methods for feature matching.
The local geometrical constraint plays a role of regularization
on the transformation T . In the nonrigid case, the regularization
may be assured in a more simple way by defining a smoothness
functional φ(T ), where a lower value of the functional corresponds to smoother function, e.g., φ(T ) = T 2Γ with  · Γ
being a norm in the RKHS H defined by the kernel Γ [63].
However, this type of regularization typically imposes global
smoothness on the transformation T and cannot be generalized
to the rigid or affine case since a linear transformation is always
smooth and φ(T ) is a constant. Our proposed LLT is general,
which can impose regularization in both linear and nonlinear
cases based on sustaining the local structure.
Our maximum-likelihood formulation and local geometrical
constraint are applicable for both 2-D and 3-D images. Using
the SIFT algorithm for putative correspondence construction,
we only demonstrate it on 2-D images. We will test the effectiveness of our LLT for 3-D feature matching by extending the
feature extraction method to 3-D images.
A PPENDIX A. V ECTOR -VALUED R EPRODUCING
K ERNEL H ILBERT S PACE
We review the basic theory of vector-valued RKHS, and for
further details and references, we refer to [66] and [72].
Let X be a set, e.g., X ⊆ IRP , Y a real Hilbert space with
inner product (norm) ·, · , ( · ), e.g., Y ⊆ IRD ; and H a
Hilbert space with inner product (norm) ·, · H , ( · H ), where
P = D = 2 or 3 for point matching problem. Note that a norm
can
 be induced by an inner product, e.g., ∀ f ∈ H, f H =
f , f H . A Hilbert space is a real or complex inner product
space that is also a complete metric space with respect to the
distance function induced by the inner product. Thus, a vectorvalued RKHS can be defined as follows.
Definition 1: A Hilbert space H is an RKHS if the evaluation
maps evx : H → Y (i.e., evx (f ) = f (x)) are bounded, i.e., if
∀ x ∈ X , there exists a positive constant Cx such that
evx (f ) = f (x) ≤ Cx f H ,

∀ f ∈ H.

(25)

6479

A reproducing kernel Γ : X × X → B(Y) is then defined
as Γ(x, x ) := evx evx∗  , where B(Y) is the Banach space of
bounded linear operators (i.e., Γ(x, x ), ∀ x, x ∈ X ) on Y, e.g.,
B(Y) ⊆ IRD×D , and evx∗ is the adjoint of evx . We have the
following two properties about the RKHS and kernel.
Remark 1: The kernel Γ reproduces the value of a function
f ∈ H at a point x ∈ X . Indeed, ∀ x ∈ X and y ∈ Y, we have
evx∗ y = Γ(·, x)y, so that f (x), y = f , Γ(·, x)y H .
Remark 2: An RKHS defines a corresponding reproducing kernel. Conversely, a reproducing kernel defines a unique
RKHS.
More specifically, for any N ∈ IN, {xn }N
n=1 ⊆ X , and a
reproducing kernel Γ, a unique RKHS can be defined by
considering the completion of the space, i.e.,
N


HN =
Γ(·, xn )cn : cn ∈ Y
(26)
n=1

with respect to the norm induced by the inner product
N

f, g H =
Γ(xj , xi )ci , dj
∀ f , g ∈ HN
where f =

N

i,j=1

i=1

Γ(·, xi )ci and g =

N
j=1

(27)

Γ(·, xj )dj .

A PPENDIX B. P ROOF OF T HEOREM 1
For any given reproducing kernel Γ, we can define a unique
⊥
RKHS HN as in (26) in Appendix A. Let HN
be a subspace
of H
⊥
= {f ∈ H : f (xn ) = 0, n ∈ IN} .
HN

(28)

⊥
From the reproducing property, i.e., Remark 1, ∀ f ∈ HN
 N

N


Γ(·, xn )cn
=
f (xi ), cn = 0.
(29)
f,
n=1

H

n=1

⊥
Thus, HN
is the orthogonal complement of HN ; then, every f ∈
H can be uniquely decomposed in components along and per⊥
⊥
pendicular to HN : f = fN + fN
, where fN ∈ HN and fN
∈
⊥
HN . That is, ∀ f ∈ H, we have f (xn ) = fN (xn ). Therefore,
the optimal displacement function f comes from the space HN ;
hence, the optimal solution of the objective function (10) has
the form (21).
To solve the coefficient set C, we consider the terms of Ψ that
are related to C and rewrite them in matrix form as follows:


1
Ψ(C) = 2 tr CT ΓPΓC − 2CT ΓP(Y − X)
2σ
+ λtr(CT ΓQΓC + 2CT ΓQX). (30)

Taking derivative of (30) with respect to C and setting it to
zero, we obtain the linear system in (22). Thus, the coefficient
set {cn : n ∈ INN } of the optimal solution is determined by the
linear system (22).
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