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This supplementary material contains more details of Symmetric Non-Rigid
Structure from Motion for Category-Specific Object Structure Estimation:

1. In Sect. 1, we show our results using median shape and rotation errors.

2. In Sect. 2, we give the update of each parameters in M-step of Sym-FEM-
PPCA.

3. In Sect. 3, the minimization of the energy function of Sym-PriorFree w.r.t.
the camera projection matrix R,, under orthogonality constrains is detailed.

1 Experimental Results using Median Shape and
Rotation Errors

In this section, the median shape and rotation errors are reported. We used the
same parameters as them in the main text, i.e. we use 3 deformation bases and
set A in Sym-EM-PPCA as 1. The same conclusions can be made by the median
errors as them made by the mean errors in the main text.

2 M-Step of Sym-EM-PPCA

This step is to maximize the complete (joint) log-likelihood P(Y,, Y, V]zn; G,
S, VT, T). The complete log-likelihood Q(#) is:
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where 0 = {G,,,S,V, VI T, 02}. Y, € R2P*1 'S € R3P*1 and T, € R?’*! are
the stacked vectors of 2D keypoints, 3D mean structure and translations. G,, =
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aeroplane bus
I II |11 | IV | V | VI | VII |mRE|| I IIr |11 | 1v | v | VI ||mRE
EP 0.29/0.50/0.39({0.41| 0.5 {0.46 |0.38| 0.24 |/ 0.34|0.28|0.54|0.49|0.92|0.80 |/ 0.15
PF 094(1.14(1.21|1.16|1.13|1.05{1.17|/0.41 || 1.50|1.32|1.79|1.53|2.36 | 1.56 || 0.33

Sym-EP|{|0.25(0.53|0.34|0.36|/0.43|0.42|0.40 ||0.23{0.25|0.24|0.32|0.27|0.65|0.38|(0.12
Sym-PF|{/0.47(0.70|0.79{0.52|0.60 | 0.46 |0.65 (| 0.33 | 1.95|2.07 | 1.75|1.52 | 1.46 | 1.01 || 1.34

car sofa
I 11 I | IV Vv VI | VII | VIII| IX X || mRE I 11 111
EP 1.05] 1.01| 1.07| 1.01| 0.99| 1.07| 0.94| 1.44| 0.95| 0.84 || 0.37|| 1.99| 1.86| 2.01
PF 1.71] 1.66| 1.73| 1.79| 1.60| 1.72| 1.75| 1.48| 1.70| 1.36 || 0.81 || 1.76| 1.55| 1.32

Sym-EP|/ 0.93| 0.88(1.02(0.99| 0.87| 0.99| 0.83|1.40| 0.91|0.67|/ 0.32(/1.12| 0.81| 1.07
Sym-PF|| 1.73] 1.26| 1.81| 1.43| 1.62| 1.54| 1.32| 1.70| 1.47| 1.16|| 0.67|| 1.14| 1.08| 1.18

sofa train tv
IV| V | VI [mRE| I II | III | IV ||mRE| I II | III | IV ||mRE
EP 1.98|2.34(1.81 0.76 || 1.04| 0.45| 0.49| 0.421| 0.71/{0.36]/0.40|0.40| 0.34 || 0.26

PF 2.03|2.51|1.53|[ 1.42|] 1.81|0.38| 0.48| 0.30|| 0.87 (] 0.56| 1.01| 0.96 | 0.61 || 0.66
Sym-EP|| 1.11] 1.79|0.88|/0.24(/0.91| 0.44|0.41|0.25|| 0.55|| 0.53 | 0.52| 0.47| 0.60 || 0.28
Sym-PF|/0.87]0.90| 0.92| 0.76 || 1.67 |0.32| 0.52 | 0.47|| 0.91 | 0.48| 0.91| 0.98|0.13|| 0.76

Table 1. The median shape and rotation errors for aeroplane, bus, car, sofa, train,
tv. Since Pascal3D+ [1] provides one 3D model for each subtype, thus the mean shape
errors are reported according to each subtype. While the camera projection matrices are
available for all the images, thus we report the mean rotation errors for each category.
The Roman numerals indicates the index of subtypes for the mean shape error, and
mRE is short for the mean rotation error. EP, PF, Sym-EP, Sym-PF are short for
EM-PPCA [2], PriorFree [3,4], Sym-EM-PPCA, Sym-PriorFree, respectively.

Ip ® ¢, R, in which ¢, is the scale parameter for weak perspective projection,
V = [Vy,...,Vg] € R3P*E is the grouped K deformation bases, z, € RE*! is
the coefficient of the K bases. A= Ip ® A, and A = diag([—1, 1, 1]) is a matrix
operator which negates the first row of its right matrix.

We first update the shape parameters S, V, VI by maximize the log-likelihood
Q. Since these 3 parameters are related to each other in their derivations, thus
they should be updated jointly by setting the 3 derivations to 0. According to
Eq. (1), we have:
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fvee (Y, GI(Y - T,,) + ABGT (YT — T,))

= vec (Zn Gz;(y - T'n),uz;) ’ (2)
vec (Zn GZZ(YT - Tn)UZ) )

where we have:
A=) GIG,+ ALGIG Ap, B =) 1, ®GlG,

C* =Y ul @ ALGIG,, D" =) ¢l aGlG,. (3)
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The camera parameters t,,c,, R, and the variance of the noise o2 can be

updated similarly as Bregler’s method [2]. We first replace some parameters to
make the equation to be homogeneous:
V=I[S,V], VIi=[A4pS V],
- - 1 uT}
w=[1un]", n = " 4
s S (@)

Then the estimations of new o2, t,, ¢, are:

02:@;V7iuwn—TAP+HYL—TAF
~2(Yy = T0)Gn Viin — 2(Y], = T,) G Vi,
+r(VIGLGLVE,) + tr(VITGIG,VT6,)) 5)
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tn =5p ;(YHJ, — cn Ry Vppin + Yiz,p - CnR”V;r)‘[”) (6)

S (VIRIR, V¢, + VI RIR, Vi)

Since R,, is subject to a nonlinear orthonormality constraint and cannot be
updated in closed form, we follow an alternative approach used in [2] to param-
eterize R,, as a complete 3 x 3 rotation matrix ,, and update the incremental
rotation on @Q,, instead, i.e. Q"" = e*Q,,.

Here, the first and second rows of @, is the same as R,,, and the third row of
@, is obtained by the cross product of its first and second rows. The relationship
of @, and R,, can be revealed by a matrix operator M:

1,0,0
Ry=MQu M=) 0

Note that the incremental rotation eé can be further approximated by its
first order Taylor Series, i.e. ef ~ I + £. Finally, we have:

Ry (€) = M(I+€)Qn. (9)
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Therefore, setting 0Q/IR,, = 0, then replace R, by @, using Eq. (9) and
vectorize it, we have:

R, =Me*Q, =~ M(I +6)Q,, and vec(f) =atp (10)
P
o= <c,% > (Vi V, + V;%N;Fq;{) ® M, (11)
p=1
P
B =vec ( ((Fup =)™ VE + (Y, = ta)iin"ViT)
=1
’ P
— EMQ D (VEdnVy + V;%Np) (12)
p=1

where the subscript p means the pth keypoint, o™ means the pseudo inverse
matrix of a, ® denotes Kronecker product.

3 Update Camera Projection Matrix R, Under
Orthogonality Constrains for Sym-PriorFree

In the Sym-PriorFree method, the energy function w.r.t. R, is:

Q(Rn) =Y ||V = RuSall3 + DIV, — Ry AS,[2, (13)

where Y,,,Y,l € R2XF S, € R3*F are the 2D symmetric keypoint pairs and the
3D structure of image n. R,, € R?*3 is the camera projection. A = diag([—1, 1, 1])
is a matrix operator which negates the first row of its right matrix.

We use the same updating procedures as used in the previous section to
update R, for Sym-PriorFree method. Specifically, we firstly parameterize R,
as a Q,, by Eq. (8). Then, Q,, can be updated by Q"% = e¢Q,, ~ (I + £)Q,.

Therefore, setting the derivation of 0Q/0R, = 0, then replace R, by @,
using Eq. (9) and vectorize it, we have:

Ry =Me*Q, ~ M(I+€)Q,, and vec(€) =atp,

P
o= (S8t A5, 51,40 0 ) o, )
p=1
P p
B = vec (Z(Yn,ps,{ Y ST AT = QY (SupST, + Asn,ps,{ijT)> 7
p=1 p=1

where the subscript p means the pth keypoint, ™ means the pseudo inverse
matrix of o, ® denotes Kronecker product.
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